We consider the hub location problem, where p hubs are chosen from a given set of nodes, each nonhub node is connected to exactly one hub and each hub is connected to a central hub. Links are installed on the arcs of the resulting network to route the traffic. The aim is to find the hub locations and the connections to minimize the link installation cost. We propose two formulations and a heuristic algorithm to solve this problem. The heuristic is based on Lagrangian relaxation and local search. We present computational results where formulations are compared and the quality of the heuristic solutions are tested. ᭧
Introduction
We consider a hub location problem that arises in the design of a star-star network. We are given a set of nodes which generate traffic. Among these nodes, p of them are chosen to be hubs. Each node is assigned to exactly one hub node and all the traffic originating and destinating at this node transits through this hub. Every hub node is assigned to itself. Direct links connect the node to its hub. There is a designated central hub and all the traffic that is consolidated at hub nodes goes through this central hub. All hub nodes are connected to the central hub by direct links. The resulting network is called a star-star network, as each network composed of a hub and the nodes assigned to it is a star and the network connecting the central hub to the remaining hubs is a star.
The traffic is routed as follows in this network. If two nodes i and m are assigned to the same hub, say j, the traffic from node i to node m goes from node i to hub j and from hub j to node m. If node i is assigned to hub j and node m is assigned to a different hub l, then the traffic from node i to node m first goes from node i to its hub j, from hub j to the central hub, from the central hub to hub l and finally from hub l to node m. So if node i is assigned to hub j, then all the traffic originating at node i travels to hub j and this is the exact amount of traffic to travel from node i to hub j. The amount of traffic that travels from hub j to node i is the amount of traffic with destination i. The amount of traffic that travels from a hub node j to the central hub depends on the assignment of nodes. This amount is equal to the traffic from the nodes assigned to hub j to nodes that are assigned to other hub nodes.
In Fig. 1 , a star-star network is depicted. Node 0 is the central hub and nodes 1, 2, 3 and 4 are the other hubs. There is a unit traffic demand from every node to every other node in the network (including the central hub). As there are 15 nodes in the network, every node is the origin and destination of 14 units of traffic. Hence, the traffic on an arc connecting a nonhub node to its hub is 14 units. As no other node is assigned to hub 1, the traffic from this hub to the central hub is the traffic originating at this node and so is 14 units. Six nodes (including the hub itself) are assigned to hub 2. So this hub sends 6 × 9 = 54 units of traffic to the central hub. The amount of traffic on each arc is given in the figure.
Links should be installed on the arcs of the network to route the traffic. Links can be installed only in integer amounts on each arc. We call the problem of choosing the locations of hubs and assigning the remaining nodes to hubs in order to minimize the cost of installing links as the star p-hub median problem with modular arc capacities (SM).
The problem SM has applications in telecommunications and transportation [1] . Our motivation to study this problem comes from the cargo delivery sector. Hub location problems have long been studied in the context of cargo delivery. But often in the literature, the cargo delivery network has been modeled as a complete-star network, i.e., it is assumed that the network connecting the hubs is complete. However, a recent study of the cargo delivery companies in Turkey has shown that this is not always the case [2] . One of the largest companies in Turkey has a star-star network where the central hub is located in Ankara. We consider the problem of designing a network for such a company where hub locations and assignments should be determined. Here the links to be installed on the arcs correspond to the vehicles which travel between cities and so the design cost is the total transportation cost.
If the links are assumed to be uncapacitated, then the problem becomes a fixed charge problem. In this case, SM can be solved as a facility location problem where the cost of locating a facility at a node includes the cost of installing a link to connect this facility to the central hub (see e.g., [3, 4] ). Hence the p-median problem is a special case of SM. As this facility location problem is NP-hard, SM is also NP-hard. For reviews on facility location problems, we refer the reader to e.g., Cornuéjols et al. [5, 6] , Krarup and Pruzan [7] , Labbé et al. [8] and Sridharan [9] .
Gavish [10] formulates the problem of designing a network where traffic requirements are only from and to a central hub. Nodes are connected to the hubs via multidrop links and hubs are connected to a central unit through a star network. The objective function involves the cost of establishing the links and installing the hubs. There are different types of links with different costs and capacities.
Chardaire et al. [11] present two integer programming formulations and a simulated annealing algorithm for the design of a network with two levels of hubs, i.e., each terminal is connected to a first level hub which is connected to a second level hub which is connected to a central unit. Here, traffic flows are not considered and fixed costs of connections and of installing facilities are minimized.
Helme and Magnanti [12] study the problem of designing a star-star satellite communication network. Each hub has a local switch and an earth station. Nodes assigned to the same hub use the local switch and nodes assigned to different hubs use the earth station and the central hub to communicate. The aim is to choose the location of hubs and assign nodes to hubs to minimize the cost of installing hubs, connecting nodes to hubs and using the capacities of the earth stations and the local switches. The authors propose a quadratic formulation and a linearization and report computational results with a branch and bound algorithm and greedy heuristics.
Labbé and Yaman [1] study a closely related problem to SM where there is a cost for routing the traffic in the network rather than a cost for installing links. In their problem, the number of hubs is not fixed and the cost of locating hubs is included in the total cost. The authors present formulations, polyhedral results and a Lagrangian relaxation heuristic. The heuristic performs very well and proves optimality for most of the instances. This motivated the heuristic in our paper.
In the classical setting, hub location problems assume that hubs are connected by a complete network. See Campbell et al. [13] for a recent survey on hub location problems. O'Kelly [14] , Campbell [15] , Skorin-Kapov et al. [16] , Ernst and Krishnamoorthy [17] , Ebery [18] and Labbé et al. [19] present formulations for the hub location problems. Sohn and Park [20] formulate the allocation problem in the case of two hubs as a linear programming (LP) problem. Ernst and Krishnamoorthy [17] present a branch and bound algorithm and an exact method based on shortest paths for the case where the number of hubs is fixed [21] . A Lagrangian relaxation heuristic is given in Pirkul and Schilling [22] . Hamacher et al. [23] , Labbé and Yaman [24] and Labbé et al. [19] study the polyhedral properties of hub location problems.
Hub location problems with modular arc capacities are studied by Yaman [25] and Yaman and Carello [26] . In the first paper, polyhedral results are presented for the case where hubs are uncapacitated. In the second paper, the authors present a branch and cut algorithm for a version of the problem where hubs have capacities limiting the amount of traffic transiting through them. In both papers, the hubs are assumed to be connected by a complete network and the number of hubs is not fixed.
To the best of our knowledge, there is no previous study on SM. In this paper, we present two formulations for SM, compare their sizes and strengths. We present the outcomes of computational experiments to show the limits of these formulations. Then we present a heuristic based on Lagrangian relaxation and local search. We perform a computational study using data from the Turkish network to see the quality of solutions given by the heuristic.
The paper is organized as follows. In Section 2, we give the notation and two formulations. We compare the strength of the LP relaxations and the sizes of the formulations. We present a Lagrangian relaxation in Section 3 and compare the bound of the Lagrangian dual with those of the LP relaxations of the formulations. The heuristic algorithm is outlined in Section 4 and computational results are presented in Section 5.
Notation and formulations
Let I be the set of nodes and 0 be the central hub. Let t im denote the amount of traffic to be routed from node i ∈ I to node m ∈ I and let d im be the distance from node i ∈ I to node m ∈ I . As the traffic from a node to itself does not travel on the arcs of the network, we assume that t ii = 0 for all i ∈ I .
The traffic between a nonhub node and a hub node is carried on links of type 1 and the traffic between a hub node and the central hub is carried on links of type 2. We denote by Q 1 and Q 2 the capacity and by c 1 and c 2 the installation cost per unit distance of links of type 1 and type 2, respectively. The classical discount factor in hub location problems can be incorporated into the model by taking c 2 = c 1 . The cost of assigning node i to hub j, that we denote by C ij , is equal to
If node i becomes a hub, then it is assigned to itself at no cost, i.e., C ii = 0 for all i ∈ I .
In Fig. 2 , we see the example network given in Fig. 1 . Suppose that the capacity of a unit link connecting a hub to the central hub is 15 and the capacity of a unit link connecting a nonhub node to a hub is 10. The amount of capacity to be installed on each arc of the network is given in the figure. As the traffic on an arc connecting a nonhub node to its hub is 14, we need two links of type 1 on this arc. Whereas we need to install only one link of type 1 on the arc from hub 1 to the central hub as type 1 links have capacity 15. The number of links of type 1 to be installed on the arc from hub 2 to the central hub is four to enable the routing of 54 units of traffic.
To model SM, we define x ij to be 1 if node i ∈ I is assigned to hub node j ∈ I and to be 0 otherwise. With this set of variables, we can obtain a nonlinear formulation of the problem: 
x ij x jj ∀i ∈ I, j ∈ I , (4)
Constraints (2), (4) and (5) ensure that each node is assigned to exactly one hub node. Due to constraints (3), p nodes are assigned to themselves and so they are hubs.
The traffic from node i to node m uses the arc from hub node j to the central hub if node i is assigned to j and node m is not assigned to j, that is, if x ij (1 − x mj ) is one. So, for a given vector x, the traffic on the arc from a hub node j to the central node is equal to i∈I m∈I \{i} t im x ij (1 − x mj ). Consequently, the number of links to be installed on this arc is equal to i∈I m∈I \{i} (t im /Q 2 )x ij (1 − x mj ) . The objective function is the total cost of installing links. It is easy to obtain a linear integer programming formulation using additional variables u imj = x ij ( 
Here u imj is a zero-one variable that takes value one if node i is assigned to hub j and node m is assigned to another hub and zero otherwise. The variables z out j and z in j are the numbers of links to be installed on the arc from hub j to the central hub and the arc from the central hub to hub j, respectively. We call the following formulation SM1:
Due to constraints (7), u imj is one if x ij − x mj is one. Otherwise, u imj can be zero or one. But, as we minimize the cost of installing links, an optimal solution satisfies z out
An alternative formulation, called SM2 can be obtained by defining variables
for all i ∈ I and j ∈ I and by minimizing (6) subject to constraints (2)- (5), (11) and
Here, v out ij is the amount of traffic originating at node i and that flows on the arc from hub node j to the central hub. Similarly, v in ij is the amount of traffic with node i as destination that flows on the arc from the central hub to hub node j. This formulation is inspired by the formulation proposed by Ebery [18] for the uncapacitated hub location problem where hubs are connected by a complete network.
In comparing formulations, we investigate the sizes and the strength of the LP relaxations. Formulation SM1 has O(n 3 ) variables and SM2 has O(n 2 ) variables where n = |I |. Notice that for given x which satisfies (2)-(4) and 0 x ij 1 for i ∈ I and j ∈ I , the vector (x, v, z) where
+ for all i ∈ I and j ∈ I , z
+ for j ∈ I is feasible for the LP relaxation of SM2.
In SM1, the constraints imply that z out j i∈I
+ for all j ∈ I . If there exists j ∈ I such that i∈I m∈I \{i}
then there does not exist any vector u such that (x, u, z) is feasible for the LP relaxation of SM1. So the LP relaxation of SM1 is stronger than the one of SM2.
As a result, we can expect the LP relaxation of SM1 to give a better lower bound at the expense of a longer solution time. It is important to see whether the quality of the lower bound decreases the size of the branch and bound tree and the number of LPs solved so that the total solution time is less. In Section 5, we report the results of a computational study to see this trade off between the size and the strength of these two formulations.
Lagrangian relaxation
Another possibility to compute a lower bound is to use Lagrangian relaxation. We relax the assignment constraints (2) in a Lagrangian manner in our nonlinear formulation. Let i be the Lagrange multiplier for constraint (2) . The relaxed problem is
and can be solved by decomposing the problem for every node j ∈ I as follows. Let
Let be an order on set I such that LR (1) 
we open the p hubs with smallest LR j ( ) values). Let LD = max LR( ).
We do not know any efficient way of computing LR j ( ). So we compute lower bounds on it as follows. For j ∈ I , define
Let be an order on set I such that
LR r (l) ( ) and LD r = max LR r ( ). As LR r ( ) LR( ) for any , the dual bound LD r LD. The important question is how does LD r compare to the bounds of the LP relaxations of SM1 and SM2. The proof of the below statement is similar to the proof of Proposition 2 in [1] and so is omitted.
Proposition 1. LD r is equal to the bound of the LP relaxation of SM1.
For j ∈ I , we can rewrite (19) as
s.t. x ij ∈ {0, 1} ∀i ∈ I \{j },
for all i ∈ I \{j } and m ∈ I \{i, j }. Since imj 0 for all i ∈ I \{j } and m ∈ I \{i, j }, the value LR r j ( ) can be computed by solving a mincut problem (see [27] ). We construct the graph G j =(I ∪{o, d}, A j ) where o and d are dummy origin and destination nodes, respectively and A j = {(o, i), (i, d) : i ∈ I \{j }} ∪ {(i, m) : i ∈ I \{j }, m ∈ I \{i, j }}. Let im denote the capacity of arc (i, m) ∈ A j . The capacities are as follows:
If S is a minimum cut with capacity (S), then LR r j ( ) = + (S) − i∈I \{j } (− ij ) + (see [1] for a detailed explanation). Hence LR r ( ) can be computed by solving n mincut problems. We compute LD r using the subgradient method.
Heuristic algorithm
In this section, we present our heuristic algorithm. The algorithm has two basic parts. The first part is based on the Lagrangian relaxation of the previous section. We solve the Lagrangian dual problem with the subgradient algorithm and generate feasible solutions using the optimal solutions of the relaxations. The best solution of this part is input into the second part which is a local search algorithm. The heuristic is given in Algorithm 1.
Algorithm 1. Lagrangian heuristic and local search
← 2, ← 0, noimp ← 0 lb ← 0 and ub ← ∞ while ub−lb ub * 100 > 10 −4 and > 10 −4 do Compute LR r ( ) and let x be the optimal solution
We denote by x * the best solution, by lb the lower bound and by ub the upper bound. For a feasible assignment vector x, let Cost(x) denote the corresponding link installation cost. The algorithm starts with Lagrange multipliers and the lower bound lb set to zero, the upper bound ub set to infinity and the parameter that multiplies the step size set to 2. While the percentage gap between the upper and lower bounds ((ub − lb)/ub * 100) and are both greater than 10 −4 , we compute LR r ( ). If the optimal solution of the relaxation, say x, satisfies constraints (2), then let x f be this solution. If x does not satisfy (2), then we construct a new solution x f as follows. We keep the open hubs and assign the remaining nodes to these hubs. If node i is assigned to a single node j in x, then this assignment is kept. Otherwise, there are two cases. If i is assigned to several nodes, then we pick the cheapest one in terms of the assignment costs C ij . If node i is not assigned at all, then it is assigned to hub j with the cheapest assignment cost C ij . This procedure which checks whether x satisfies (2) and constructs solution x f from x is called Feasible (x) . If x f improves upon the best solution, we update the upper bound and keep x f as the best solution.
If the value of the relaxation, LR r ( ), is greater than the lower bound, then we update the lower bound. We keep track of the number of consecutive times we encounter a nonimproving LR r ( ) in noimp. If noimp exceeds 15, we divide by 2.
We update the Lagrange multipliers as i = i − s(1 − j ∈I x ij ) for i ∈ I where the step size s is computed as
2 . When the Lagrangian dual is solved, the local search starts with the best solution found so far, x * . The search heuristic first tries to improve the assignments of this solution. For each node which is not a hub itself, we evaluate all other solutions where this node is assigned to another hub and all other assignments are kept as they are. If there is an improving solution, we move to it. For a given solution x, this search procedure based on assignments is called
LocalAssignment(x).
Then we consider a different neighborhood. We exchange a hub node, say j, with a nonhub node and assign the nodes that were previously assigned to node j to their closest hubs. If the resulting solution x has a cost not superior to 1.1 times the cost of the best solution, then we check if it is possible to improve the assignments. Here we apply LocalAssignment(x ). If the final solution has a better cost than the best upper bound, then we update the best solution. For a given solution x, this procedure is called LocalHub(x). We continue this search as long as there is an update.
Computational study
In this section, we report the results of two computational experiments. The heuristic algorithm is implemented in C programming language. All computation is carried out on an AMD Opteron 252 processor (2.6 GHz) with 2 GB of RAM.
In the first experiment, we solve SM for varying values of n and p using the two formulations SM1 and SM2 and the heuristic algorithm. This experiment gives us an idea of the computational limits of the two formulations and the quality of the heuristic solutions. In the second experiment, we consider the whole Turkish network with its 81 cities. We solve SM using our heuristic, for p = 1, . . . , 25 to see the computational effort needed as well as the quality of the solutions.
In both experiments, we use data from the Turkish network. We consider the 81 cities in Turkey as the node set. To create a problem with n nodes for the first experiment, we take the first n cities. We take Ankara to be the central hub.
In our first experiment, we take n = 20, 30, . . . , 70 and 81 and p = 5, 10, 15. We solve the two formulations SM1 and SM2 using CPLEX 8.1.0 with default settings. We set a time limit of 1 h. In Table 1 , we report the results of this experiment. For each problem defined by its number of nodes n and number of hubs p, and for formulation i, we report the best upper bound ub i , the optimal value of the LP relaxation LP i , the percentage duality gap dg i computed using the best upper bound given by the two formulations, i.e., (min{ub 1 , ub 2 } − LP i )/ min{ub 1 , ub 2 } * 100, the number of nodes in the branch and bound tree nodes i and the cpu time cpu i for i = 1, 2. If the solver stops with the time limit, then in the cpu time column, we report the remaining gap as given by the solver in parenthesis. If the solver cannot report a lower bound or an upper bound within the time limit, then the gap is infinite and we do not report it.
The results reported in Table 1 reveal that the LP relaxation of SM1 gives much better lower bounds compared to the LP relaxation of SM2 but is difficult to solve. For n 70, the solver could not solve the LP relaxations of SM1 in 1 h. There is no such problem with SM2 but this formulation has a weak LP bound and the duality gaps are very high. The performance of this formulation gets worse with increasing p. Still, this formulation is preferable for medium and large size problems as it outputs a feasible solution within the time limit.
Next, we solve the same instances using our heuristic and report the results in Table 2 . For each instance, we report the lower bound given by the Lagrangian dual lb, the objective function value of the best feasible solution before the local search starts ub 0 , the number of iterations of the subgradient algorithm iter, the objective function value of the best feasible solution after local search ub, the percentage improvements compared to ub 0 , imp 0 = (ub 0 − ub)/ub 0 * 100, the percentage improvements compared to the best upper bound found using the two formulations, imp = (min{ub 1 , ub 2 } − ub)/ min{ub 1 , ub 2 } * 100, the cpu time of the search algorithm cpu s and the total cpu time of the heuristic cpu, both in seconds. We observe that the heuristic reports solutions worse than the solutions of the two formulations for six of the instances. These are instances with at most 50 nodes and the average percentage difference is −0.608%. For two instances, the heuristic reports the optimal solution like both of the formulations. For the remaining 13 instances, the heuristic solution is better than the best solution found using the formulations, the average percentage difference is 1.38%. Besides, the heuristic outperforms the formulations for larger size instances. The average improvement over the best solution obtained using the formulations is 0.66%, the minimum improvement is −1.32% and the maximum improvement is 2.38%. The average and maximum cpu times are 496.25 and 2677.62 s, respectively.
The local search algorithm improves the best solution by 1.22% on the average. The maximum improvement is 5.45%. The average cpu time for the search is 100.39 s which is about 20% of the total cpu time. We observe that the percentage improvement decreases as n increases. As the search time increases with growing n, one can turn off the local search mode of the algorithm or put a time limit for large size instances if the solution time is a big concern.
In Table 3 , we report the results of our second experiment where we solve the 81 city instances for different values of p using the heuristic algorithm. In column gap%, we report the percentage gap of our heuristic solutions, i.e., gap = (ub − lb)/ub * 100. Here, we observe that the heuristic solutions have a gap of 0.8% on the average with the maximum gap being 1.68%. The gap increases as the value of p increases. This is not surprising since the number of integer variables that have nonzero value increases with p.
The average solution time is 2985.34 cpu seconds and the average search time is 858.27 cpu seconds which is about 29% of the total cpu time. The local search improves the best solution by 0.64% on the average and the improvement increases as p increases. This can also be observed in Table 2 .
We can summarize the findings of our computational study as follows. The LP relaxation of formulation SM1 has a better lower bound compared to that of formulation SM2 but it takes very long to compute. So it is only practical for small size instances. Formulation SM2 can be used to solve medium-sized problems if the user has some tolerance on optimality. The heuristic proposed outperforms the two formulations for medium and large size instances. As it also computes a lower bound, it reports a measure of quality for its solution. The results were very good for the Turkish network for different values of p.
